Second order system

A linear second order system under dynamic condition is given by the differential
equation:-

2
1.d% N 2y dY N

2 Y = kX
dt® o, dt

2
(Dn
1
— =7
O)n

o1 % + 2wr% +Y =kX

Where:-

k : Steady state gain

Y : Response value

X : Input disturbing variable

wy,: Natural frequency of oscillation of the system.
Y(0)=Y(0)=0

v . Damping factor (damping coefficient)

By taking laplace for the above second order differential equation
T282Y(S)+ 2ytsY (s)+Y(s) =kX(s)

(128 +2yts +1)Y(s) =kX(s)

_Y(s) _ K
X(s) t°s?+2yts+1

G(s)

T.F. of second order system

If x is sudden force, such as,step change, inputs Y will oscillate depending on the

value of damping coefficient v .
v <1 Response will oscillate (Under damped)
y>1 Response will oscillate (Over damped)

y=1 Response critical oscillation (critical damped)
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Response of second order system

1) Step response

2
X(s)=2 = Y(s)= - K A K A (1)
S s’ +2ys+l s 2 2y 1os
2
T T

The quadratic term in this equation may be factored into two linear terms that contain
the roots

B Z\V 4 2\y Ly 4
\/ \/ 2 \/
S,2 =

—in

=Two real roots

...... (2)
Eq. (1) can now be re-written as
2
Y(s)= kA/ T
s(s—s;)(s—5;)
v>1 Overdamped Two distinct real roots
y=1 Critically Damped Two equal real roots
O<y<l1 Underdamped Two complex roots

Y(s)= Kk Xé:%jL oS+ o,
2 42yts+1 s s i 42yts+l

o, (%8 + 2yts +1) + ;8% + a1, = kA

s° a, = KA

st 200yt+ 0, =0 = a, =-2kAyt

s° o’ +a, =0 = o, =—kAT

%S+ 2yt
1°s? + 2yts +1

.'.Y(s):kA[%—
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1
Y(s)=kA[= - L ]—kA[g— > o]
(s? +2£s+—) W—Z—W—Z (sz+233+w—2)+—2—w—2
T T T T T T T
1 s+2Y7
_ - _ T
Y(Si)—kA[S v 1—\V2]
(s+- )+~
T T

1) For y<1 ==>under damped system

1 s+2w 1 s+ ¥
Y(S):kA[g— \/ ]:kA[g_ ‘C\/’C ]
(s+ V(Y vy (s+ VPV
:kA[l_ S+\’5 _ \: ]
_ 2 _ 2
° (s+‘i’>2+<ﬁr‘“)2 (s+‘l’)2+(ﬁr‘">2
| E>< X 1_“]2
S+
:kA[l— T \/1 2 T ]
S s+ ¥ >+(J1 Po(s+¥ )+(J1 Y

/ 2 / 2
Y(t)=kA[1—e""/ " cos L A N G 7 e e U t]

T /1_\l,2 T

p2+q2—\/1+( Ly =

o=tant P —tan?
q

<
<

'\/1—\|/2

Y(t)=kA[1—e Dt (rsin(wt+¢))]
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2) For y>1 =>»Overdamped system
1 s+2V¥ 1 s+ 4 ¥
Y(s)=kA[-- Tl > ] =KA[= - L 1]
(S+E)2+¥ S (S+E)2_\|’72_
T T T T
. s+ ¥ v
=KAL-- - ]
(S+H)2_(7\/‘V_)2 (5+E)2_(7\/\V_)2
T T T T
2
U T yo-1
Y X X
S+
:kA[E— T T Jw? -1 T ]
2 2
-1 -1
(s+"’)2—(J“’)2 (s+W)2—<W)2
T T T T
-1
where w=
1.2 T | T | L T ! I
1.0 —
Vv =1.0
0.8 1.5 _
Y osl- > -
kA 3.0
0.4|— —
0.2 — -
Q 1 | 1 ] 1 1 1 1
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t
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Terms Used to Describe an Underdamped System
Second order system response for a step change
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Response time
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Figure (8-3) Terms used to describe an underdamped second-order response.

1. Overshoot (OS)
Overshoot is a measure of how much the response exceeds the ultimate value (new

steady-state value) following a step change and is expressed as the ratio g in the
Fig. (8-3).

L, S

Vi-y?)

OS % =100x OS

OS =exp

2. Decay ratio (DR)
The decay ratio is defined as the ratio of the sizes of successive peaks and is given by

% in Fig. (8-3).where c is the height of the second peak

DR =exp — 2y =(0S)?

w/l—\pz

3. Rise time (t;)

This is the time required for the response to first reach its ultimate value and is
labeled in Fig. (8-3).

J1-y?

7 —tan™
t = id
' w
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4. Response time

This is the time required for the response to come within £5 percent of its ultimate
value and remain there. The response time is indicated in Fig. (8-3).

5. Period of oscillation (T)
The radian frequency (radians/time) is the coefficient of t in the sine term; thus,

21T

J1—y?

6. Natural period of oscillation

T=

If the damping is eliminated (y=0), the system oscillates continuously without
attenuation in amplitude. Under these “natural” or undamped condition, the radian

frequency is 1 . This frequency is referred to as the natural frequency wi.
T

The corresponding natural cyclical frequency f, and period T, are related by the
expression:-

f. = L = iThus, 1 has the significance of the undamped period.

, 2T

7- Time to First Peak(t,) :
Is the time required for the output to reach its first maximum value.
T (119
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Figure(8-4) Characteristics of a step response of underdamped second-order system.
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1-Over shoot

Wt+¢=¢+nm
nm .

t=— max or min n=1,2,3 ......
w

Ifn=0,2,4,6,................ min

Ifn=1,3,57, .....c.......... max

1% max when n=1

t = nn TE
wow
1 =4 T
y(t)=KkA[1- e™ sin(w—+¢)]
J1-y? w

Yo = KALL- ﬁew(—sinw
—y

For Underdampded system

cosh=—y , sindp=41-y? |, tand= 17y
1\

2

Yo = KALL+ eV (1 7))
1/1—\|12

Ymax = kA[1+ ew ]

-y

KA[L+e'"" ] KA

Overshoot =

]

Overshoot = A_max-B
B B
;.
Y(t)=KA[1- e © (sinh(Wt+¢)]
w/l—\lfz
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2 2
W= . ¢o=tan™ 1y
T 7

Overshoot could be optained by getting 3—3,[/ =0

Y(t)=kA[1-e"V M (rsin(wt +¢))]

av(t) _g_o_ 1 [e_:lcos(vvt+(l))w+sin(Wt+¢)e_:l(1)]
T

dt 1—y?
—yt

0=—e « [M1ZVW A cos(Wt+¢)——Sln(Wt+¢)]
T

1=y cos(wt+¢)= —sm(wt+¢)]

T

sin(wt+¢)  y1-y?
cos(wt+¢)  y

2

1—
tan(wt +¢) = hd
\j
1 V1- \If2
(Wt +¢)=tan™
\j
2-Decay Ratio
Decay ratio = ¢
A
Decay ratio :% (The ratio of amount above the ultimate value of two sucessive
peaks).

t:n—Tc for n=3 then t:?’—Tc
W W

vy
Firstpeak atn=1 y_. =KA[1+e'"" ]
-3ny

Second peak at n=3 y, .. =kA[1+ o V-v? 1
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—Smy S )
kAlL+e™™ kA e :eﬁ
T

W
KA[L+e" ]—kA el*

Decay Ratio =

— 2y

J1-y?

Decay Ratio = exp

3. Rise time (t,)

It is the time required for the response to first tauch the ultimate line.
-yt
e sin(tw+¢)]

y(t)=KkA[1-
1—y?

Attt y(t)=kA

—yt

KA=KA[L1— e ™ sin(tw+¢)]

1
J1-y?
0=sin(tw+4)]
. sin™(0)—¢

4-Period of oscillation (T)

w = Radian frequency =

w=2nf also T :%
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5. Natural period of oscillation (T,).

The system free of any damping fory=0

J1—y?

w, radian of frequency = = W, :l for y=0

T T
w, = 2nf, % = 2nf, o f = %
21 21t
Wn = = >
Wh 1- |\

_|
I
N

=

6-Response time( ts)

The time required for the response to reach (x5%) of its ultimate value and remain
there.

7- Time to First Peak( t,)

Is the time required for the output to reach its first maximum value.
nm

t=—
W

First peak is reached when n=1

nmw
w

2- Impulse Response

If impulse d(t) is applied to second order system then transfer response can be written
as.

k
Y(s)= X(s
(s) 1252 + 2yts +1 (s)
X(s)=Area=A

k
Y(s)= .
(s) 28?4+ 2yts+1

2 2
Y(s)= k,zﬁ\/r - ; kf\/r
s2+ Vs o 2+ Vs S (N -(Yy

T T T T T T
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~ KA/ 7 KA/ 2

2 .2

4 Vs (Ve -V (ea vy loy
T T

T
) y>l
kKA 1 y?-1
Y(s)o__ KAIT KA/ 7 T il T
- 2 2 = 2
(S+ ) + ;Ij (S_l_E)Z_ V\Ijz_l (S+E)2_ V\Vz_l
t T T T
kA =
Y(t)=———¢e *© sinhwt
Ty’ -1
2_
w=Y¥ 1
T
iy<1
kKA 1 J1—y?
2 2
T — T
Y(s)= KA/t ; _ KA/t : - 1-vy :
(s+-) + 2 (S+\V 2+[\/1—\|! ] (s+¥) +[ 1-vy J
T
ka
Y(t)= e * sinwt
T1-wy
2
W = 1oy
T
iii)y=1
2 2 2
Y(s)= KA/t - kA/rl > _ kA/]j:2
(s+02+=" (s lys (s+7)
T T T 7? T
Y(t)—k—Ate‘t”
7
Process Control /Lec. 8 59

Fourth Class



Homework

1) For each of the second-order systems that follow, find v, t, Tp, Tr ,0S and %0OS.
16
a Y($)=——
) () s®+3s+16
0.04

s2 +-0.02s +0.04

2) The transfer function for a thermometer in a CSTR reactor is given by.

Tthermomete( S ) — 16
Treactor(S) (35 +1)(10s+1)

Estimate the following.

a) find y, t

b) The rise time.

c) The peak time.

d) The 2% settling time.

e) The percentage overshoot.

b)  Y(s)=

3) A second-order system is described by the differential equation:

+25Y(t)=25u(t)

2
d Ygt)+5dY(t)
dt dt

a) Write down the transfer function Y(s)/U(s) of the system, where U(s) and Y(s) are
the Laplace transforms of u(t) and y(t), respectively.

b) Obtain the damping ratio y and the natural frequency Wn of the system.

¢) Calculate the rise time and percent overshoot of the system.

d) Evaluate y(t) for a unit-step input u(t).
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